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Abstract 

The philosophy of the Loop Quantum Gravity approach is to construct the canonical variables by using 
the duality of infinitesimal connections and holonomies along loops. Based on this fundamental property 
for example the holonomy-flux "-algebra [22] has been formulated. A generalisation of the one-to-one cor- 
respondence between infinitesimal objects: connections and curvature and path based objects: holonomy 
maps and parallel transports is used to replace the configuration space of the theory. This generalised 
duality is related to the concept of path connections and holonomy groupoids, which originally has been 
invented by Mackenzie [23] and which is presented shortly in this article. Finally these objects are used 
to propose some new algebras of quantum variables for Loop Quantum Gravity. 
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1 Introduction 



In the previous articles [TH Q]3 HS1 HZ1 [H] of the project AQV different *- or C*-algebras for a theory of 
Loop Quantum Gravity have been presented, but none of these algebras contain a quantum analog of the 
classical variable curvature. A short overview about the ideas of the new holonomy groupoid formulation has 
been presented at the conference about "Open problems in LQG" [18]. It has been argued in [13] that, the 
Hamilton constraint cannot be quantised without a modification of this operator by replacing the curvature. 
The aim of this project about Algebras of Quantum Variables in LQG is to find a suitable algebra of quantum 
variables of the theory. This algebra is specified by the fact that the quantum Hamilton constraint is an 
element of (or is affiliated with) this new algebra. Moreover the algebra is assumed to be generated by 
certain holonomies along paths, quantum fluxes and the quantum analogue of curvature. 

Quantisation of a gravitational theory in the context of LQG uses substantially the duality between infinites- 
imal objects and holonomies along paths in a path groupoid. Barrett [3] has presented a roadmap for the 
construction of the configuration space of two physical examples: Yang-Mills and gravitational theories. He 
have suggested to consider all holonomy maps along loops in a certain loop group. In the first two subsection 
of section |2.1| of this article different groups of loops and different groupoids of paths are presented. Then 
the holonomy maps of Barrett are further generalised for the example of a gauge theory. The construction 
is based on the concept of path connections in a Lie groupoid, which has been introduced by Mackenzie [23] . 
In section |2.1| several examples for Lie groupoids and some of their properties are collected. The simpliest 
Lie groupoid is given by a Lie group G over {ec}- The new framework of Mackenzie allows to study instead 
of the holonomy maps, which have been presented by Barrett [3], generalised holonomy maps associated to 
path connections in a Lie groupoid. In general the holonomy map in a Lie groupoid is a groupoid morphism 
from a path groupoid to a Lie groupoid, which satisfy some new conditions. In [T^l Section 3.3.4.2] some 
new path groupoids, which are called path groupoids along germs, have been studied. For these certain path 
groupoids a general holonomy map in the groupoid G over {ec} has been defined. This new holonomy map 
corresponds one-to-one to a smooth path connection. There exists another example of a Lie groupoid, which 
is given by the gauge groupoid associated to a principal fibre bundle. This groupoid is introduced in section 
|2.1| For gauge theories the holonomy maps in the gauge groupoid are defined as a groupoid morphisms from 
a path groupoid to the gauge groupoid. These groupoid morphisms correspond uniquely to path connections, 
too. In this situation a path connection is an integrated infinitesimal smooth connection over a lifted path 
in the gauge groupoid w.r.t. a principal fibre bundle P(£,G, n). Then the holonomy map is related to a 
parallel transport in the principal fibre bundle. Furthermore a holonomy map for a gauge theory defines a 
holonomy groupoid for a gauge theory. Notice that the ordinary holonomy map in the framework of LQG 
[TH Section 2.2], (TH Section 3.3.4] has been defined by a groupoid morphism form the path groupoid to the 
simple Lie groupoid G over {eo}- Since in this case the holonomy mapping maps paths to the elements of the 
structure group G, the holonomy map does not define a parallel transport in P(S, G). The duality between 
infinitesimal connections and these new holonomy maps are reviewed very briefly in section [2. 2 1 A detailed 
analysis why the theory of Mackenzie really generalises the examples of Barrett has been presented in [12j 
Section 3.3.1 and 3.3.2]. Finally, the generalisation of Barrett's idea is to consider all general holonomy 
maps in a Lie groupoid as the configuration space of the theory. For example for gauge theories the set of 



holonomy maps in the gauge groupoid is defined in section 2.3.2 



The next step is to find a replacement of the curvature. Moreover the particular decomposition of the 
Ashtekar connection and curvature associated to the Ashtekar connection and the way how the foliation 
is embedded into the spacetime M is required to be encoded somehow in the quantum algebra of gravity. 
Clearly this is very hard to be obtained in a background independent manner. The problems of implementing 
infinitesimal structures like infinitesimal diffeomorphisms and curvature arise from the special choice of the 
analytic holonomy G*-algebra [14], (TSJ, Chapter 6]. Furthermore it turns out that the modification of the 
conditions for the holonomy mappings presented in [12] Section 3.3.4] are not sufficient for the implementation 
of quantum curvature. This is the reason why the author suggests to replace the configuration space of the 
theory. Hence all holonomy maps for a gauge theory replace the original quantum configuration variables. 
Each holonomy map defines a holonomy groupoid such that a family of C* -algebra depending on a holonomy 
groupoid associated to a path connection is constructable. The C*-algebras are called holonomy groupoid 
C* -algebras of a gauge theory and are presented in subsection |3.1| In this framework it is used that, instead 
of a measure on the configuration space a family of measures arc defined on a Lie groupoid. This is more 
general than the original approach of a measure on the quantum configuration space in LQG. There the 
quantum configuration space of generalised connections restricted to a graph is identified with the product 
group G' r ' of the structure group G. Finally for gauge theories the quantum curvature is implemented by 
the following theorem. The generalised Ambrose-Singer theorem, which has been given by Mackenzie [23], 
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states that the Lie algebroid of the holonomy groupoid of a path connection is the smallest Lie algebroid, 
which is generated from infinitesimal connections and curvature. Furthermore there is an action related to 
infinitesimal connections and curvature, since both objects are encoded as elements of a Lie algebroid, on 
the holonomy groupoid C*-algebra. This is studied in section [3~T] too. Summarising the algebra of quantum 
variables for a gauge theory is generated by the holonomy groupoid C* -algebra of a gauge theory, the quantum 
flux operators and the Lie algebroid of the holonomy groupoid of a path connection. The construction of the 
algebra generated by the holonomy groupoid C* -algebra of a gauge theory and the quantum flux operators 
is similarly to the holonomy-fiux cross-product C*-algebra [TS] |T2] . The development for groupoids has been 



presented by Masuda PUBS]- ^ n this article the ideas are illustrated in subsection 3.2 For the construction 
a left (or right) action of the holonomy groupoid on the C*-algebra C{G) of continuous functions on the 
Lie group G is necessary to define a C*-groupoid dynamical system. This object replaces the C*-dynamical 
systems of C*-algebras. The new cross-product algebra contains holonomies and in some appropriate sense 
this algebra is generated by curvature and fluxes. A detailed description of this construction is a further 
project. 

Finally two important remarks are presented as follows. First recognize that, there exists a set of holonomy 
groupoids each associated to a path connection, which is contained in a set of path connections. This 
implies that, there is a set of holonomy groupoid C*-algebras each associated to a path connection, too. 
Furthermore there are morphisms between these algebras. Hence there is a natural structure of a category 
available. Secondly the whole construction of the algebras basically depends on the chosen principal fibre- 
bundle P(S,G, 7r) and consequently in particular on the base manifold E. Now the idea is to use the 
covariance principle, which has been developed by Brunetti, Fredenhagen and Verch [5] in the framework 



of algebraic quantum field theory. Some first analysis is presented in section 3.3 and will be studied in a 
further work. 

The next step is to take into account that, the Hamiltonian framework of gravity is given w.r.t. the or- 
thonormal framebundle on S. Therefore the gauge groupoid has to be replaced by the orthornormal frame 
groupoid T ( — ^'0(3)°^ ^) over ^" ^ n analysis of this object has been presented by Mackenzie [23] and the 
implementation into the new holonomy groupoid formulation is a future project. 



2 The basic quantum operators 
2.1 Path and Lie groupoids 

The basic variables of LQG theory are derived from paths, graphs or groupoids on a smooth or analytic 
manifold E. The investigations start with the important work of Barrett [3], who has introduced the concepts 
of holonomy map and loop group (or thin holonomy group) . For a construction of different classical variables 
it is worth to understand his ideas and how these concepts can be generalised. Indeed a more abstract theory 
has been developed by Mackenzie [23] independly from Barrett. In this article it is studied why the theory 
of Mackenzie replaces the concepts of Barrett. A short overview is given in the next paragraphs. 



The smooth paths and loops defined in section |2.1| are the fundamental objects, which define holonomy 
groups. Furthermore a certain holonomy group called the fundamental group at a specific point in the 
manifold for smooth paths is illustrated. The group structure can be generalised to groupoids. Therefore 
the fundamental groupoid is introduced. The difference is the following. The fundamental group consists of 
homotopy classes of loops at a chosen point, whereas the fundamental groupoid is defined by the homotopy 
classes of paths between arbitrary points. In particular the fundamental groupoid is a Lie groupoid. For Lie 
groupoids new mathematical concepts are available, which have been introduced by Mackenzie. For example 
transformations in Lie groupoids are presented in section |2.1| Another example for a Lie groupoid is the 



gauge groupoid, which is associated to a principal bundle and is studied in section 2.1 in detail. The LQG 
theory is basically a gauge theory, since the fundamental object is a principal fibre bundle. Therefore the 
gauge groupoid is used for a generalisation of the quantum variables given by the holonomy mappings. These 
generalised holonomy maps for a gauge theorys are introduced in section [2~3] The idea for these new objects 
is based on the duality of infinitesimal and integrated objects, which has been reformulated by Mackenzie 



and is presented very briefly in section 2.2 The aim is to develop the basic framework to show in section 



2.2 that Mackenzie's theory (23] about path connections and infinitesimal connections generalises the theory 



of Barrett for gauge theories. 
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Loop spaces, loop and holonomy group 



A curve in a smooth manifold £ is a (piece-wise) smooth map 7 : I — > £ where I = [0, 1]. The basic objects 
are studied to derive the loop and holonomy group at a base point in the manifold £. 

First the composition of parametrized curves 7$ : [0, 1] — > £ for i = 1,2 is given by 

7i°7 2 = (7i7 2 )(*) = l 7l(2t) forte [0,72] (1) 

This relation is not an associative operation. Therefore consider the following equivalence relation. Two 
curves 7 and 7' are reparametrization equivalent iff there is an orientation preserving diffeomorphism 
<f> : I — > I such that 7' = 7 o cj>. 

Definition 2.1. A loop is a smooth continuous mapping of the unit interval I = [0,1] into a (topological) 
space £ such that 7(0) = 7(1) = v. The collection of loops in £ with base point v is called loop space L£. 

The quotient of the loop space at v and reparametrization equivalence does not form a group. If additionally 
to reparametrization equivalence the algebraic relation 707"' ~ l v is required, then the loop space at v 
modulo these equivalence relations forms a group. But there are several other homotopy equivalences, which 
implement such branch lines, available in literature. Another relation on the loop space LE has been defined 
for example by Barrett [3J- Two loops 7, 7 ' are said to be thinly homotopic iff there exist a homotopy of the 
composed path 7' 1 o 7 to the trivial loop at v. The corresponding idea is that the loop 7' 1 o 7 shrinks to 
the trivial loop, which encloses no area. In other words, the definition of thin homotopy is given as follows. 

Definition 2.2. A loop 7 is thin iff there exists a smooth homotopy 0/7 to the trivial loop with the image 
of the homotopy lying entirely within the image of J, i.e. the homotopy g : I X I E for s,t € / satisfies 
g(l, t) = j(t), g(0, t) = 1„ and g(s, 0) = p(s, 1) = l v , where l v is the trivial loop at v, and for all t,s G I 
and lra(g) — Im(7). 

Then Barrett has called two loops a, (3 thinly equivalent iff a o is thin. Caetano and Picken [B] have 
improved this definition. 

Definition 2.3. fU p. 837] Two loops 7,7' are said to be thinly homotopic iff there exists a finite sequence 
71, 7„ of loops such that 71 = 7 and 7n = 7' and 7"^ o 7i is a thin loop for i — 1, .., n — 1. 

Notice that, two loops only differing by a reparametrization are thinly homotopic. 
Lemma 2.4. The thin homotopy relation is an equivalence relation. 
Denote the equivalence class by {7} and the relation by ~thin- 

Observe that, for two thinly homotopic loops a and (3 there exists a sequence 
a, /3 2 ,/3 3 , ...,/3„_i,/3 such that 

Z?^ 1 o a o p^ 1 o f3 2 ... o (3 n _ 2 o /3 _1 o f3 n _ x ~ thln 1„ (2) 

Moroever there is another modification of homotopy equivalence given by Mackenzie [13 p. 218]. Mackenzie 
has called a restriction of a curve 7 on a subinterval of I = [0, 1] a revision of 7. Two curves 7, 7' are called 
equally good iff 7(1) = 7'(1) and either 7 is a revision of 7' or, conversely, 7' is a revision of 7. A lasso 
(for a cover {Ui} of E) is a loop of the form 7" 1 0/307 where the loop /3 lies entirely in one neighborhood 
Ui. 

Definition 2.5. A loop a is said to be approximated at v by finite product 7' of lassos which is equally 
good as a iff each loop of the lasso 7^ o o 7i is contained in a neighborhood Ui of v and the product of 
lassos are homotopic to l v . 

If a is (thinly) homotopic to a point, then from the smooth homotopy map g : I x / — > E for s,t € I which 
satisfies g(l,i) = 7 (£), g(0,t) = l v and g(s,0) = g(s,l) — l v for all t,s € / and the finite sequence of 
appropriate loops, the product of lassos is constructed easily. Hence, a loop, which is homotopic to a point 
v, is approximated at v by a suitable product of lassos, which is equally good as the loop. 

For the one-to-one correspondence between holonomy maps and horizontal lifts a further developed definition 
is useful. The following homotopy has been first introduced by Ceatano and Picken [6j. 
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Definition 2.6. section 4] Two smooth loops 7,7' : I — > T are said to be intimate homotopic iff there 
exists a map g : I x / — > T such that 



(i) q is smooth, 

(ii) for every s G I it is true that g(s,t) G LT, 
(Hi) for < e < 1 /2 the map g satisfies 

0<s<e, g(«,t)=7(t) 
l-e<s<l, e(M)=Y(t) 
o<i<e, g(«,t)=7(o) 

l-e<t<l, e(«,t)=7(l) 

and 

(i'uj £/ie rcmfc of the differential dg(s,t) is smaller or equal 1 for all {s,t) G [0, l] z 



(3) 



Ceatano and Picken have shown that, this relation is indeed an equivalence relation. The equivalence relation 
is denoted by ~ in . Moreover, this relation is a weakening of the thin homotopy relation. The intimate relation 
is stronger than the same-holonomy relation for all smooth connections introduced by Ashtekar and Isham 

&■ 

Now, for the different equivalence relations the quotient spaces can be considered. For example the quotient of 
the loop space LT and intimate homotopic equivalence is a group, which is called the intimate fundamental 
group tt^CEjv) at base point v. If the rank condition of the differential is omitted, then the quotient of 
LT and the homotopy equivalence is the fundamental group irx(T, v). Finally the quotient of the loop 
space LT and thinly homotopic equivalence is a group, too. This group is called the loop group LG(u) at 
v or thin fundamental group tt{(T) at v. 

Now, follow the ideas of Barrett presented in (3J. He has required that, the configuration space is given by 
the set of certain mappings from the loop space at a base point v to the structure group G of a principal 
bundle such that these mappings arise as holonomy mappings. There is a set of conditions introduced by 
Barrett, which are called the Barrett axioms in this article. 

The Barrett Axioms 

Barrett Axiom 1. (Group homomorphism) the map t)A '■ LG(v) — > G is a group homomorphism 

Barrett Axiom 2. (Reparametrization invariance) for every orientation preserving diffeomorphism 
4> : I — > I the map \)a satisfy 

Mt) = M7 0) for all 7 e LG(v) 

Barrett Axiom 3. (Same-holonomy relation) for two thinly homotopic loops a and f3 the maps are 
equal, i.e. 

fu(a) = fu(/3) a ~ t hin P 

Barrett Axiom 4. (Smothness) for a smooth family {7 : U —> LT,U open subset ofM. 3 } of loops all 
compositions \)a° 1 '-U — > G of the map f)r with elements of this family is smooth. 



The axioms 



(BAxioml) and |(BAxiom2) implement the algebraic structure. It follows that ()a(7 _1 ) = f)^ 1 ^) 
and the value of two loops differing only by reparametrization are equivalent. The last axiom give rise to a 
topological structure on G. The smooth family of loops are maps 7 such that 7 : U x [0, 1] — > LG(v) with 
j(v,t) = 7(£) are smooth. Moreover, every map f)^ which obeys (BAxiom4) is continuous. Therefore, a 



topology on LG{v) inherited from (BAxiom4) is defined, which is called the Barrett topology for the loop 
group LG(v). Summarising the last condition guarantees the differentiability of the bundle and lifting. A 
map \)a '■ LG(u) — > G is called holonomy map if the axioms: (BAxioml )| |(BAxiom2) (BAxiom3) and 
are fulfilled. For a fixed holonomy map I) a '■ LG — > G let the axioms: (BAxioml)[ (BAxiom2)[ 
and |(BAxiom4) be satisfied, then the holonomy group HG(v) at v is defined by the set 



(BAxiom4) 



(BAxiom3) 



{(5,4(7) '■ 7 G LG(«)}. The reconstruction theorem of Barrett [3J explains the term holonomy map. 
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Theorem 2.7. [3, Reconstruction theorem] 

For a given connected manifold E with base point v and a holonomy map 1)a '■ LT, — > G, then there exists 
a principal bundle P(E,G) ; a point in the fibre u € 7r _1 (i;) 7 and a connection A on P such that \)a is the 
holonomy map of the bundle. 

In particular Barrett has given the mathematical background for treating the holonomy maps as the primary, 
and connections and curvature as derived objects of the theory. 

Theorem 2.8. Representation theorem] 

For a given connected, Hausdorff manifold E there is a bijective correspondence between 

(i) a triple (P,A,u) consisting of a principal G-bundle P, a connection A on P and a base point u G P 
and 

(ii) a holonomy map 1)a '■ LT*(v) — > G. 

Therefore, it is straight forward to consider for a point u in a principal bundle P, a connection A on P the 
set 

® u :={geG:i) A {a)=ug VaeLG( W )} (4) 

whenever \)a is a holonomy map. This set is a Lie subgroup of G and it is equal to the holonomy group 
HG(v), where ir(u) = v. The constant loop 1^ : [0, 1] —> v at V defines the identity map t)A(^-v) — u - 

Caetano and Picken [5] have modified the reconstruction and representation theorems 
the intimate homotopy equivalence relation |2.6| They have improved the representation theorem by showing 
that from a ~j n /?, it follows that t) A (a) = I)a(P) & n d t)A is a group homomorphism arising from a holonomy 
map defined as a horizontal lift associated to a smooth connection A. The complicated step was to show 
that intimate loops have the same holonomy. Furthermore, let c : 7r5 n (E,u) — > 7Ti(E, v) be the canonical 
morphism and consider the group homomorphism h : 7Ti(E, v ) — > G, which is connected to \)a ■ "i n (E, v) — > G 
by f)A := h o c. Then by the Ambrose- Singer theorem the class of holonomies, which are given by group 
homomorphisms h, are associated to flat connections. 

In general a purely algebraic equivalence relation is given as follows. 

Definition 2.9. The quotient of the loop space LE at v by the algebraic homotopy equivalence refering 
to the relations 

7 ~ 7 o l v 

7 o 7- 1 ~ 1„ (5) 
(7 o 7') o 7" ~ 7 o (7' o 7") 

is called the (algebraic) loop group C(]E,v), i.e. where l v is the trivial loop in LE at v. 

The most general holonomy mapping maps the (algebraic) loop group £(E, v) to G. Furthermore Ashtekar 
and Isham [1], Ashtekar and Lewandowski [2] and Lewandowski [21] construct a group, which they call a 
hoop group. This group is the quotient of the loop space at v modulo thin equivalence, reparametrisation 
equivalence and the same-holonomy relation for thinly homotopic loops and all holonomy mappings. 

Fundamental groupoids of path spaces 

Now, the loops are generalised to paths. Consider a collection of (piecewise) smooth curves starting at a 
source point v on a path connected manifold E. The collection of curves starting at v is called the path 
space PE" at v. The set of all curves starting at all v € E is called the path space PE. The elements of the 
path space are called paths. A fibre of the path space PE is the loop space LE(w) at v. Let sps : PE — > E 
and tps : PE — > E be two surjective maps. 

There exists a generalisation of thinly homotopic and intimate homotopic equivalence on the path space, 
which lead to the definition of the thin and intimate fundamental groupoid. 

Definition 2.10. Two paths 7,7' : / — > PE such that 5(7) = s(7'), respectively, 4(7) = t("/) are said to be 
thin path-homotopic iff 



2.7 and|2.8|by using 



G 



(Thin Path-Hom otopic 1 ) t here exists a finite sequence 71, 7„ of paths such that 71 = 7 and j n = 7' 



d 7 i+ \ o 7i is a thin loop for i = 1, ..,n — 1. 



Denote with [7] i/ie equivalence class of thin path-homotopy. 

Two paths 7,7' : / —¥ PE suc/i £/iai 5(7) = s^'), respectively, £(7) = £(7') are said to fee intimate path- 
homotopic iff there is a map g : I x I — > E smc/i i/iai 

• (Path-Homotopic 1) g is (piecewise) smooth 

■ (Path-Homotopic 2) for < e < V 2 ^ e ma P & satisfies 
0<s<e, g(«,t)=7(*) 

i-e<«<i, e(«,*) = y(t) 
o<i< £ , e(M)=7(o) 

l-e<t<l, e(*,*)=7(l) 

• (Intimate Path-Homotopic 3) the rank of the differential dg(s,t) is smaller or equal 1 for all (s,t) £ 
[0,1] 2 - 

A map g : [0,1] x [0,1] —> E satisfying (Path-Homotopic 1), (Path-Homotopic 2) and (Path-Homotopic 3) 
is called a smooth rank-one homotopy. 



The last condition | (Path-Homotopic 3) of intimate path-homotopy guarantees that the homotopy sweeps 



out a surface of vanishing area. The (smooth) path-homotopy equivalence (relativ to endpoints) is defined 
by (Path-Homotopic l)| and (Path-Homotopic 2) Hence two paths, which differ only by a reparamtrization, 



are not path-homotopic equivalent. Recognize that intimate path-homotopy is stronger than (smooth) path- 
homotopy. Denote the intimate path-homotopic equivalence relation by ~i n timate path-hom. ■ 

Moreover, for two paths [7], [7'] a composition operation • is defined if 7(1) = 7'(0). 

Definition 2.11. The thin fundamental groupoid II J (E, v) at v over E is the quotient of the path space 
PYi v at v and thin path-homotopy equivalence. The source and target maps are s-px^py]) = s(y) = v and 
£ps([7]) — t(y) — 7(1), the constant path l v at v give rise to the inclusion v <— > t v , the multiplication is 
given by the concatenation 

h-H{t) = 7 (2t) for0<t<i/2 

h-i](t) =7'(2i-l) fori/2<t<l W 
and the inverse element of a path is given by the reverse of the path [7] _1 = 7(1 — t). 

In the following omit the brackets [7] for elements of U\(E,v). The vertex or loop group n}EJJ of n}E at a 
base point v is the thin fundamental group tti(E, v). 



The quotient of the path space PE and the (piecewise) intimate path-homotopic equivalence given in defi- 
nition 
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is called the intimate fundamental groupoid n'^E over E. The vertex group n'^EJJ, which is 
given by all loops at v, of the groupoid n^E at a base point v is the intimate fundamental group 7rj I1 (E, v). 

If PE and the usual path-homotopy (relativ to the endpoints) equivalence is used, then the appropriate 
quotient is called the fundamental groupoid HiE and the vertex group is the fundamental group 7Ti(E,«). 
If additionally E is connected, then the fibres HiY^ v are the universal covering spaces of E. Remark that 
the fundamental group does not coincide with the loop group defined by thin homotopy in general. But the 
thin fundamental group is a quotient of the fundamental group, since, thin homotopy is a restricted notion 
of the usual homotopy equivalence on loop spaces. 

Remark 2.12. The fundamental groupoid over E is presented by the set 

IIi(E) := {(v, [7], to) : v, w £ E, [7] path-homotopy class of paths in PE s.t. 7(0) = v,j(l) = w} 
equipped with quotient topology of the compact open topology on PE. 
The map Sn^s x triiE : IIiE — > E x E is the covering map. 
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In general consider the path space modulo reparametrisation equivalence. Denote the this quotient also by 
VTi. Then the following groupoid can be constructed. 

Definition 2.13. A (algebraic) path groupoid "PE over E is a pair (PEjE) equipped with the following 
structures: 

(i) two surjective maps s-p£,tps : PE — > S called the source and target map, 

(ii) the set PE 2 := {(7i,7j) G "PE x PE : £(7^) = s(7j)} of composable pairs of paths, 
(Hi) the composition o : PE 2 — > PE, where (7i,7j) H > 7i ° 7j, 

(iv) the inversion 7, i— > 7~ 1 of a path 7$ 

(v) object inclusion map 1 : E — > PE and 

(vi) PE modulo the algebraic equivalence relations generated by 
7" 1 o 7i ~ t s(li) and 7l o 7- 1 ~ l t(7i) 

Shortly, write P£ = E £ • 
General Lie and gauge groupoids 

For smooth paths Lie groupoids are naturally available. The advantage of Lie groupoids is the familiarity 
to Lie groups. In particular for Lie groupoids measures exists. Hence in this section a short mathematical 
overview about important structures of Lie groupoids are collected. For a detail study refer to Mackenzie 
[23]. 

Definition 2.14. A Lie (or smooth) groupoid Q over Q° is a groupoid where Q and Q° are smooth 
manifolds (additionally, Q° andQ v for allv G Q° are Hausdorff), sg andtg are smooth surjective submersions 
such that is a smooth submanifold of the product manifold Q x Q , the inclusion i : Q a — > Q , the 

multiplication ■ and the inversion are smooth maps. 

A groupoid Q is transitive if for each pair (v, w) G Q° x Q° there is a morphism 7 G Q such that sgfa) = v 
and tg(~/) — w. A Lie groupoid Q is locally trivial if the map sg x tg : Q — > Q° x Q° , called anchor of Q, 
is a surjective submersion. 

In particular each locally trivial Lie groupoid is transitive. A vector bundle which admits a group 

bundle structure, since, se = tE = q and the composition is fibrewise addition E x x E x — > E x , is a Lie 
groupoid E over E such that this groupoid is not locally trivial. 

Definition 2.15. Let Q be a Lie groupoid on E. 

A Lie subgroupoid of Q is a Lie groupoid Q' on £' together with injective immersions 1 : Q' — > Q and 
lq : £' — > E such that (u, to) is a morphism of Lie groupoids. 

In this article it is assumed that, the fibres Q u and Q u are connected for all u G G° ■ 

Definition 2.16. A Lie groupoid morphism between two Lie groupoids J- over J 70 and Q over Q° consists 
of two smooth maps f) : J- — > Q and h : J-° — > Q° such that 

(Gl) f)( 7 o 7') = f)(7)f)(7) for all (7, 7') G 

(G2) .s e (f)( 7 )) = MM7)), tg$(i)) = Ktr(i)) 

Definition 2.17. A morphism f) : T — > Q and h : F a — > G° is an isomorphism of Lie groupoids if \) 

and h are diffeomorphisms. 

The simpliest example for a Lie groupoid is given by the gauge groupoid. 
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Definition 2.18. Let G act on the right of the product P x P of a principal bundle P := P(S, G) by 
g(u,p) = {ug,pg) 

and denote the orbit of (u,p) by (u,p) and the set of orbits F q P ■ Then Q denote the groupoid P q P = I S, 
called the gauge groupoid associated to P(£,G) with base S, with 

sp((u,p)) := (7ropr 1 )((u,p)) = 7t(», tp{{u,P)) : = (ko pr 2 )((u,p)) = ir(p) 
i(v) = l v :— (u,u) where u 3 7r _1 (w) 

(ui,Pi) ■ (U2,P2) '■= {u\5{pi,u 2 ),P2) for all (u^Pi) =; e u i = 1,2 

such that tp(ei) = Sp{e2) 
where 5 : P x P — > G, (5(u, ug) = g 

such that the groupoid multiplication is smooth, the source map sp : Q — > £ is a surjective submersion. 

The inverse is given by 

{u,py l := (p,u) 

Set S : G x G — >• G to be the difference map which is defined by S(g, h) :— g~~ x h. Then compute 

(m,p)(m,P> _1 = (u,p)(p,u) = (uS(p,p),u) = l v (7) 

and 

(u, p) (u,p) = (uS (p, u) ,p) (8) 

Set p — ux and u' — py and derive 

(u,p)(u,p)(p,u / )(p,u') = (u6(p,u),p)(pS(u / ,p),u') = (ux,p)(py,u') = (p5(p,py),u') 
= {py, u') =l v 

Lemma 2.19. The map 

H : P x P —> Q, h : P E 
is a Lie groupoid homomorphism from the pair groupoid P x P over P. 

Corollary 2.20. The gauge groupoid Q of a principal bundle P(S,G, 7r) is a locally trivial Lie groupoid. 

Another Lie groupoid is the fundamental groupoid iliS over S, which has been introduced in remark [2. 12| 
There is a correspondence between this fundamental groupoid and a certain gauge groupoid. 

Corollary 2.21. The fundamental groupoid iliS is the gauge groupoid of the principal bundle E(S,7r(E)) 
where £ is the universal cover of £ . 

Lemma 2.22. Let £ be a connected manifold. 
Then the Lie groupoid ILE is connected. 

For the generalisation of the concept of Barrett's duality betwen smooth connections and holonomy maps 
the following objects are necessary. The full detailed mathematics can be found in the book of Mackenzie 
[23]. 

Proposition 2.23. Let Q be a locally trivial Lie groupoid. Then 

(i) the isotropy groups oflso(G) = {&"} u ee° are isomorphic to Lie groups. 

(ii) For each u G Q° the fibre Q u :~ Sg 1 (u) is a differentiable principal bundle over Q° with the surjection 
tg, a smooth and free left action L : x Q u — > Q u and the isotropy group G™ as structure group. 
Q U (Q° ,Gu>tg) * s called vertex bundle at u. 



9 



(Hi) for u,v £ Q° and an element £ Gy there is an isomorphism of principal bundles over Q 

L e (idgo,i e ) ■■ g v (g°,g v v ,tg) -> g u (g°,g:,t g ) 

where I e : g v v ^ gi, 7 ^ 6 o 7 o 
Corollary 2.24. Let Q be a locally trivial Lie groupoid over Q°. 
Then the map 



Qu 



g, (f.flnfof 1 (10) 



from the gauge groupoid of the vertex bundle at u to the Lie groupoid is an isomorphism of Lie groupoids 
over g . 



The map 

g u x gi 

Qu 



— > Iso(^), < 7, a>47oao7 1 (11) 



/rom i/ie associated fibre bundle to the vertex bundle at u w.r.t. the action of inner-translation on Q" to the 
isotropy Lie group bundle is an isomorphism of Lie groupoids over Q° . 

Let g be a locally trivial Lie groupoid with connected fibres g v . Denote V Se (Q) be the set of continuous and 
piecewise-smooth paths 7 : / —> Q (where / = [0, 1]) for which sg o 7 : [0, t] — > Q° is constant for all elements 
of 7 G V sg (g) and t G I. 

Definition 2.25. Two paths 7 and 7' in V sg iff) are called sg-homotopic 7 ~ 7 ' , if sg(j) — sg(y'), 
respectively, tg(y) = tg(y') and there is a continuous and piecewise-smooth map g : I x I — > Q such that 



(Path-Homotopic 2) property. 



0<s<e, e(M)=V(t) 

l-e<s<l, e(s,*)=7(*) 

o<i<e, e(s,*) = 7(o) 

l-e<t<l, e(s,*)=7(l) 

«s satisfied and for each s£ I the map g(s,t) is an element ofV s °(g). The equivalence class is denoted by 
[7] for all 7 eV s °(g)- 

Finally in general for every Lie groupoid g there exists an associated Lie algebroid AQ. 

Definition 2.26. A Lie algebroid AQ associated to a transitive Lie groupoid Q is a vector bundle 
over g° , which is equipped with a vector bundle map a : AQ — > TQ° , which is called anchor, a Lie bracket 
\;-\aq on the space T(AQ) of smooth sections of AQ, satisfying the following compatibility conditions 

(i) ^-bilinear 

(ii) alternating and Jacobi identity 

(in) [X, fY] = f[X,Y] + a(X)(f)Y for all X,Y eT(AQ) andfeC 00 ^) 
(iv) a([X,Y]) = [a(X),a(Y)] for all X,Y eT(AQ) and f £ C°°(E). 

In particular the vector bundle T V (Q) over Q° is a Lie algebroid. 
Transformations in a Lie groupoid 

After the definitions of the basic objects some transformations are introduced. The definitions are borrowed 
from Mackenzie 23 . 
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Definition 2.27. Let Q be a Lie groupoid on the base Q° , for 7 G Q with sg(j) = v and tg(j) = w the 
left-translation corresponding to Q is defined by 

L^:Q W ^Q\ tf^otf 

and the right-translation corresponding to Q 

Definition 2.28. A left-translation in a Lie groupoid Q over E is a pair of diffeomorphisms 

$:5^5 and <^:E^E 
such that 

*ff(*(7)) = <P(8g{n)), tg{$(a)) = ip{tg{n)) for all 7 G Q 
and, moreover, 

<f> v : g v -> g^"), 7 ^(7) /or some G and oil 7 G 5" 

A global bisection of g is a smooth map a : E — > g which is right-inverse to sg : g — > E (w.o.w. 
sg o a = ids J awrf sucA i/ia£ o cr : E — » E is a diffeomorphism. The set of bisections on g is denoted 05 (Q). 
Denote the image of the bisection by L := {cr(v) : v G E} which is a closed embedded submanifold of g . 

The set of global bisections 23(5) forms a group, where the multiplication is given by 

(o- * a')(v) := a'(v) o a(tg(a'(v))) for v G E, 
the object inclusion u i->- 1„ of 5, where id„ is the unit morphism at v in and the inversion is given by 

(J- 1 ^) := cr((ig o cr)- 1 ^))- 1 for v G E 

Define for a given bisection cr, the right-translation in g by the map 

R a :g^g, 7^7^fe(7)) (12) 

The map a i->- i?^ is a group isomorphism, i.e. R a * a > = R a o i?^/ . Whereas cr ° cr is a group morphism 
from 05(5) to the group of diffeomorphisms Diff(E). 

Notice that local bisection are defined to be maps a : U — > 5 where 1/ is an open subset in E. 
Definition 2.29. Let g be a Lie groupoid on E , and fix a bisection a G 05(5). 
TTien define the left-translation 

L a -.g^g, 7^(i((t 6 o(T)- 1 (s5(7)))o7 
and i/ie inner-translation is given by 

L a :g^g, 7H> cr(s g (7)) _1 o 70 cr(t g (7)) 

which is an isomorphism of Lie groupoids over tg o cr : E — > E. 

Clearly = L CT o L„> and J^/ = I„ o I a , . L a -i(~f) = (j(sg(j)y 1 o 7 and I a = R a o L a -i = L a -i o R a 

yield. 

Transformations in the gauge groupoid associated to a principal fibre bundle P(E,G, w): 

Lemma 2.30. Consider the automorphisms <p : P — > P on the principal bundle P(E, G, n), a diffeomorphism 
ip on E and the identity map id on the structure group G. Assume tt o tp = tp o tt, (fi(ug) — f{u)g for all 
iifP and g G G. 

For a fixed element u G P such that 7t _1 (m) = v yields, set 
a(v) := (u,(p(u)) 

Then cr is smooth, since n is an surjective submersion and a is a bisection of the gauge groupoid ^f- =3 E. 
Moreover, there exists an action I a : — > given by 

I*({u,p)) := (<p(u),ip(p)) 

The automorphism (p(fn, id) is called gauge and diffeomorphism transformation in P(T,,G,ir). 



11 



2.2 Duality of connections and holonomies 



A generalisation of Barrett's duality [3] is given by the duality of infinitesimal connections of a principal 
bundle P(E, ir, G) and path connections in a corresponding Lie groupoid. In this particular case the Lie 
groupoid is given by the gauge groupoid. The theory of this duality in a more general framework (of transitive 
Lie groupoids) has been invented by Mackenzie [23) . In this section a very short overview about the basic 
structures is given. The infinitesimal geometric objects are presented for the special case of a gauge theory. 
Moreover these definitions coincide with the objects, which are usually given in books about differential 
geometry. The duality of infinitesimal connections and holonomies is analysed in the more general context 
of Mackenzie. The idea is to use the more enhanced framework for a definition of quantum variables for a 
gauge theory and hence new algebras. 



2.2.1 Infinitesimal geometric objects for a gauge theory 

In this section the basic geometric objects and their relations in the framework of Mackenzie are collected. 
For a study refer to the book [23J of Mackenzie. 



Let P(E,G,7r) be a principal bundle where P is a smooth manifold. The object TE over E defines a Lie 

TP 
G 



algebroid. The vector bundle morphism TE constructed from the principal G- bundle P A E defines 



a Lie algebroid structure on ^4-. This follows from the fact that, there is a commutator map [., .] defined 

TP. Hence ^ 

7 % 1 v M \ 1 1 1 ^'1 ( 1 \ "/ I I 1/1 (H'/illl Willi \ \ '1 1 1 I ■! 1 i ^: / 



on the sections T(TE) which is transfered to a bracket [., \p on T £-. Hence T £- over E is a Lie algebroid. 
The object Q := p * p =4 S is a transitive Lie groupoid, which is called the gauge groupoid of a principal 
bundle P(E,G,tt 

On the one hand there exists an exact sequence of Lie groupoids 

P X G l P X P ft , 10 , 

~G~ ~ — q — E x E (13) 

where P * G is a Lie group bundle and E x E 74 £ is the pair groupoid. The maps t, n are groupoid 
morphisms, 1 is an embedding, ir is a surjective submersion and Im(t) = ker(7r). Notice that, n is given by 
the map sp x tp, where sp,tp are the source and target map of the Lie groupoid P q F =4 E. 

On the other hand there is an exact sequence of the Lie algebroids ^ and TE over E, called the Atiyah 
sequence, which is given by 

P x a j TP tt» te 



G G 

such that j, 7T* are vector bundle morphisms. The Lie algebroid bundle ^Jj- 2 = ker(7r*) is called the adjoint 
bundle. 

A Lie algebroid connection ja is a right splitting of the exact sequence ( 14 ), which is a map 7 a '■ TE — > T M- 



such that 71% o 7^4 = idrs ■ A Lie algebroid connection 7^4 is also called an infinitesimal connection and is 
shortly denoted by A. The formulation as a right splitting of an exact sequence has the advantage that this 
definition simply generalises to transitive Lie groupoids and transitive Lie algebroids. This has been derived 
in [23J Section 3.5, Section 5.2] by Mackenzie. In general an infinitesimal connection in a transitive Lie 
groupoid Q over E is a morphism of vector bundles 7 : TE — > AQ over E such that 007 = idrs and a is the 
anchor of the Lie algebroid AQ associated to a transitive Lie groupoid Q. Hence, in the context of a gauge 
theory the infinitesimal connections are also called the infinitesimal connections in the gauge groupoid. The 
adjoint connection V ad := ad 07^4 is defined as the commutator j(V^(V)) = [yjiX,j(y)] for V £ F(^- a ) 
and A is a smooth vector field X(E). 

Notice the following structure. There exists a map I : TE — > such that the Lie algebroid connection 
j A' decomposes into a sum ja' '■= J A + 3 ' I, where 7^4 is another Lie algebroid connection. 

A connection reform uj : TP — > P x g which is G-equivariant and horizontal, w.o.w. u/ G G ^b as ic(Pfl) G > 
corresponds to a morphism uj/ g : T £ — > ^13^ °f vector bundles over E such that ujI g o j = id^ where 
L = — There is a bijective correspondence betwen the connection 7^4 and a connection reform lu, such 
that j o ujl G + 7^4 o 7T* = id^g where AQ := T ^-. 

The curvature (for a gauge theory) is a skew-symmetric vector bundle map Ra ■ PE © TE — > such 
that j(R A {X,Y)) = j A ([X,Y]) - [j a (X),j a (Y)] for X,Y G X(E) being smooth sections in TE. 
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2.2.2 Integrated infinitesimals, path connections, holonomy groupoids and holonomy maps 
in Lie groupoids 

The concept of integrated infinitesimal connections over a lifted path in a Lie groupoid Q over E, which is 
called a path connection A on 5, has been developed by Mackenzie [23] • In this section this more general 
framework of a path connection in a Lie groupoid is used. The main object derived from this path connection 
is the following: a Lie algebroid connection 7^ in a Lie algebroid AG of a locally trivial Lie groupoid Q over 
a connected smooth base manifold E. The Lie algebroid connection give rise to a notion of lifting paths 
in E to paths in a Lie groupoid Q over Q°. Moreover, associated to a path connection there exists the 
holonomy groupoid and the holonomy map for a given Lie groupoid. Note that, in the next section the 
fundamental definitions and theorems are collected and are generalised to groupoids. For a detailed study 
refer to Mackenzie [2"3"j . 



Path connection and holonomy maps for a groupoid 

Let G be a locally trivial Lie groupoid with connected fibres Q v . Then recall the set T' sg (G) of continuous 
and piecewise-smooth paths 7 : I — >• Q (where / = [0, 1]) for which sg o 7 : [0, t] — > G° is constant for all 
elements of 7 g V sg (G) and t £ I. 

The paths in T" S9 (G), which commence at an identity of G, are labeled by V^g u y(G)- Every element of 
7 £ V s ° (G) is of the form i2*p(o) ■ # = 7, where z? £ ^{f «}(£) f° r u — 7(0) an d #7(0) = 5 for a loop 5 in 0". 
This corresponds to a right-translation i?^ corresponding to G for w G 6°. In comparison to definition 2.27 
one can also rewrite R u by Ra- 

Consider a lift 7 : [0, 1] — > G u such that 7 £ ^{gu}(£) ■ Let a € be a lifted loop, then it is true that 
5 o 7 £ ^(S), where 5(0) € 0« such that (5 o^O) € 7 t (l) € C$, (5 o 7 )(1) e Moreover the 
surjections satisfy t-pg(j(s)) — j(t), tg(l v ) — 7(0) = u and ^(7(1)) = 7(1) = w. 

Now consider the following picture, which illustrate the definition of a path connection. 




7 :I-+Q",I= [0,1] 

l(s)eV s l{Q) 

(5o7)( s ) 6 p«|(S) 

a(o) e a; 

(ao7)(l) eg; 



*s(7«) = 7(t) 

= 7(0) = v 
MtW) = 7(1) = » 



principal bundle Cy" over C?° with fibre 
and structure group 

Definition 2.31. Let G be a locally trivial Lie groupoid over a connected base E. 
A path connection in a Lie groupoid G on a base space E is a map 

A : PE 



where /Dsn- A(7, s) =: j(s) £ 5" and J 9 1 1-> A(7)(t) =: 7 t € P{gu}(0) suc/i i/iai i/ie following conditions 
are satisfied: 



(i) Start and target condition: The A-lift 7 0/ a pa£/i 7 mio tte bundle {G v } start at G% and it is 
constant, i.o.w. 

Spe .(A( 7 )) = l 7(0) e?s: (15) 
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where sg(A("f)) — 7(0) =: v. The projection t-pgv : T > fg v -,(G V ) — > PE of a path A(7) starting at in 
the Lie groupoid Q v onto the base space E is 7, 



tp B .(A( 7 ))=7(i) =: 7 (t)era: 

and tg{A{^)) = 7(1) =: w. Hence, s 1— > A(7, s) is a pat/i m SZ£\ • 



(16) 



(nj Reparametrization: for every diffeomorphism 



I — > [a, 6] C J f/iere is a right-translation R v 



/ or ever y v G E such that for every path 7 : [0, 1] — > E 

A(7 0) = -Ra-i(7)W(o)) ■ (A(7) o 0) 
where A" 1 : P { S J„ } (£) — > PS and 7 3 i i-> A _1 (7)(i) G E. 
fm,) Smoothness: 1/76 PE is smooth at t = to G Z, £/ien 74 is aZso smooth at t = to 
('iv) Tangency: 7,7' G "PS i/ t/ie tangent vectors coincide at some to € /, 



(17) 



d7(t) 



d 7 'W 



(If 



d7t(s) 



then 
t=t cu 



df 



/or 7t(s) = A(7, s)(i) and 7t(s) = A(7', s)(t) and every s£l 
(uj Additivity: 7, 7', 7" 6 PE i/ f/ie tangent vectors satisfy at some to, 



d7(*) 



df 



dy(t) 



d 7 "(f) 



*=*0 



df 



d7t(s) 
f/ien — - — - 
t=t at 



djKf) 
t=t df 



df 



t=to 



/or 7 t (s) := A(7, s)(t), ^(s) := A(7', s)(t) and %'(s) := A(7", s)(f) and every s G I. 
Now, the path connection satisfies some basic properties. 

Proposition 2.32. 1231 Prop. 6.3.3] Let A be a path connection in a Lie groupoid Q over Q° . 
Then 

(i) Unit preserving: A(\ v ) = 1„ where 1„ is the constant path at v in PE and l v the constant path in VQ 
where n(l v ) = v. 

(ii) Inverse preserving: A(7 _1 ) = (R^-ir^/u ■ A)(7) <_ where 7(f) -1 = 7(1 — t), A( , y) < ^(s) = A(7, s — 1) 
are the reversal paths and R v : V S °(G) — > P{|i>}(5) 

(mj Concatenation of paths: Afaoj') — (i?y(i) • A(7))o A(7') /or every s G / and where P 7 < : P{gi,}(5) — ► 
P ss (£) suc/i f/iat s pg «. • 7) 7') = l( 7 o 7 ')(o) an d tpgv ((Ry (1) • 7) o 7') = 7 o 7'. 

These properties imply the following definition. 

Definition 2.33. For 7 G PE the element F)a(7) := A(7, 1) G Q v w where v = 7(0) and w — 7(1) is the 
holonomy map of the path 7 in a Lie groupoid Q over Q° . 

Proposition 2.34. Let A be a path connection in a groupoid Q over E. 

Then 



(i) Unit: f)A(lu) = eg(v) for 1„ the constant function in PE and eg(v) the constant function in Q whenever 
V G E, 

(ii) Inverse: (1a(7 _1 ) = f)^ 1 (7) /or 7 G PE and 

(Hi) Concatenation of paths: ^(707') = f)A(7)t)A(7') iftilf) — s (7') and 7, 7' G PE. 

Definition 2.35. The set Ho1a(E) = {()a(7) : 7 G PE} is fTie holonomy groupoid of A associated to 
a groupoid Q over Q° . The vertex group Ho1a(E,w) at v G E is the holonomy group of A at v. The 
vertex bundle {Ho1a(E,w)} is the holonomy group bundle of A 
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For a Lie groupoid Q over Q° the holonomy groupoid is a transitive subgroupoid of Q. 



Theorem 2.36. \2<A Theorem 6.3.19] Let A be a path connection in a locally trivial Lie groupoid Q 



Then HoL\(£) is the holonomy Lie subgroupoid of Q , the vertex group HoL\(S, v) is the holonomy Lie group 
and the vertex bundle {Ho1a(£i>)} is the holonomy Lie group bundle of A. 

Denote F A (S) := Hol A(s)/ kcr „ A an d #£(£) : = Hol A (s)/ nAgXker ^ A . 

Definition 2.37. Two paths 7,7' € VY? W are said to have the same-holonomy w.r.t. a fixed path 
connection A iff 

^(707' 1 ) = l v where s-ps(l )=v,tt(u)=v (18) 



Two paths 7,7' € PEJJ, are said to have the same-holonomy w.r.t. all path connections iff (18 1 is 

true for all path connections A 6 A. 



Denote this relation by 



s.hol. A' 



This is obviously an equivalence relation. The consider the hoop groupoid Hoop^(£) = {()a(7) : 7 € 

s.hol. AJ 

H-(T,) and Hoop A (£) coincide. 



PS/ ^ s . , y}. If the groupoid £7 over 5° is equal to a connected Lie group G over {ec}, then the set 



Definition 2.38. Let VT, be the path groupoid modulo same holonomy w.r.t. all path connections in A. 
Moreover let Q be a Lie groupoid over G° ■ 

Then the groupoid morphism [)a : VT, — > Q such that ^a(t) — ^(7, 1) for all 7 £ "P£ associated to a path 
connection A is called a holonomy map in a Lie groupoid Q over Q° . 

The set of holonomy maps for a path groupoid VTi =4 £ in a Lie groupoid Q over Q° is defined by 

A k g := Hom A (7>£, G) = {(f) Aj h A )\ t)A ■ VT. -> Q, h A : £ -> 0<°> such that 

(f)A, h\) is a holonomy map for the path groupoid P£ =4 £ 
and A e A} 

where A denotes the set of all path connections. 

Notice that, the set A corresponds to the space of smooth connections A s - Hence, for the particular Lie 
groupoid G over {cq} the set A k G is abrreviated by A s . 

Consider the example of the holonomy map constructed from the fundamental group 7Ti(£,u), which is a 
group homomorphism 

fu:7ri(£,i;)->G 

Obviously, two paths 7,7' G IIi(£)^ have the same-holonomy w.r.t. a smooth connection A in the set A s 
of smooth connections iff 

^(707' ) = ea and where — G and cq is the unit of the group G. 
In other words, the loop 707' 1 is contractible to the constant loop at v. 

For Q choose for example Ili(£) or £x £. In fact, the fundamental groupoid LTi (£) is the biggest Lie groupoid 
and the pair groupoid the smallest among all Lie groupoid such that the corresponding Lie algebroid AG 
is equivalent to T£. However, in the case of a gauge theory it is more interesting to consider the gauge 
groupoid P f, p =4 £. Before the gauge groupoid is analysed in detail, some further properties are collected. 



15 



Duality and the generalised Ambrose-Singer theorem 



In the context of the gauge groupoid, the duality of infinitesimal objects and path connections and holonomies 
is based on the following theorem. 

Theorem 2.39. fH theorem 6.3.5]) 

There is a bijective correspondence between a path connection A in the gauge groupoid P q P =4 S and an 
infinitesimal Lie algebroid connection ja '■ TS — > ^ such that 



_d_ 

dt 



to 7 t = r(i? A(7)(M )( 7A (A|^ 7W 

whenever 7 € PS and 7 = A(7). 



For X e T t ,S and a path 7 £ PS with 7(io) = v and 4j j(t) — X for some to € I define 

t=t 

7A(X):=T( J R A - 1W(to) )(A| t ^^ (19) 

Note that, the theorem has been originally stated by Mackenzie [23] in the general context of transitive Lie 
groupoids and Lie algebroids. In this article this theorem is formulated in the context of gauge theories 
for a comparison with Barrett [3J. The generalisation is deduced by replacing the Lie algeboid ^ by the 
transitive Lie algebroid AQ associated to a transitive Lie groupoid Q . 



There exists a generalised exponential map Exp : FAQ — > TQ such that X H> Exp(tX(v)) for all i £ 1 
and v € Q . A local one-parameter group of (local) diffeomorphisms is given by the diffcomorphic maps 
4>t : U x [— e, e] — > S. Then a local one-parameter group of (local) diffeomorphisms (p t on the Lie 

groupoid p * p =4 S with respect to <p t is given by the gauge and diffeomorphism transformation >ft(4>ti idc?) 
; " ' ! "* S. Note that idc is the identity map on G. Then the map R 3 ( 4 tp(exp(tX(v))) defines a 



m G 

local one-parameter group, too. The map (t,v) i-> Exp(iA(t>)) is a family of local bisections. Note that, 
it is true that X(v) = (j A (X))(v) for 7A : TS — >■ A^, where AQ := holds. 

Corollary 2.40. Lei 7^4 6e an infinitesimal connection in Q and let A be the corresponding path connection. 
Let {(ft(v)} be a local flow for a vector field X near v. Set ip(t) := <pt{y). 

Then 

Exp{t( lA (X)){v)) = A(p,v)(t) 
where A(<y9, v) : K — > Q" is the lift of the path t H> <fit{v). 

Furthermore, the next theorem give a correspondence between an object constructed from curvature forms, 
infinitesimal connections and the holonomy groupoids associated to path connections in the context of a 
gauge theory. 

Theorem 2.41. (Generalised Ambrose- Singer theorem \23\ theorem 6.4-20]) 

Let P(S, G) be a principal bundle and A an infinitesimal connection in the gauge groupoid F q P =1 S 
associated to a path connection A. 

Then there exists a least Lie subalgebroid of the Lie algebroid constructed from P(S, G) which contains the 
values of the right splitting ja associated to A and the values of its curvature form, and this Lie subalgebroid 
is the Lie algebroid corresponding to the holonomy groupoid HoL\(S) of A. 

Explicitly, in the example of the gauge groupoid P q S this theorem has the following form. Let t be the 
Lie subalgebra of g generated by {Q(X, Y) € fi 2 (P, q) : X, Y e TP}. Then fi is the least Lie subalgebroid of 
the Lie algebroid constructed from P(S,G). The Lie algebroid {Cl(X,Y) G ^ 2 (P,0) : X, Y e TP} can be 
related to a Lie algebroid subbundle of P ^. 



The theorem 2.41 has been originally stated by Mackenzie [53] in the general context of transitive Lie 
groupoids and Lie algebroids. The generalisation can be obtained by replacing the Lie algeboid ^£ by the 
transitive Lie algebroid AQ associated to a transitive Lie groupoid Q over S. 
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2.3 The quantum configuration variables for a gauge theory 



The simpliest holonomy maps are group homomorphisms from the (thin/intimate) fundamental group to a 
chosen Lie group. The concept is enlarged by holonomy maps, which are groupoid morphisms. Therefore, 
the concepts of holonomy maps, which have been presented by Barrett in [3J, has been rewritten in the 
last section such that in comparison with the work of Mackenzie the holonomy maps for different physical 
theories are generalised. In [T2l Section 3.3.1 and 3.3.2] it has been shown that, the theory of Mackenzie 
really generalises the examples of Barrett for Yang Mills and gravitational theories. In this article certain 



holonomy maps for the example of a general gauge theory are presented in section 2.3.1 This formulation 
extends the work of Barrett for Yang Mills theories and is an application of Mackenzie's theory for Lie 
groupoids. 

In [HI [T3 EH E7] , [HI Sec: 3.3.4.1, 3.3.4.3] the ideas has been generalised in the context of (semi-)analytic 
paths. The concept of holonomy maps (in the sense of Barrett) for finite path groupoids has been reformu- 
lated and has been further generalised to the case of finite graph systems. The generalisation of Barrett's 
objects to the framework of Mackenzie's path connections forces to generalise the holonomy mappings for a 
finite path groupoid once more. Indeed the set of conditions that a holonomy map is required to satisfy has 
been extended in [TU Sec: 3.3.4.2]. 



2.3.1 Holonomy maps and transformations for a gauge theory 

In this section the concept of holonomy maps of Barrett is further generalised with the help of the ideas of 
Mackenzie. In particular, the holonomy mappings map paths to elements of the gauge groupoid instead of 
elements of the structure group of a principal fibre bundle. This lead to a new formulation of the configuration 
space of Loop Quantum Gravity: the space of smooth connections correspond one-to-one to the space of 
holonomy maps for a gauge theory. 

In the first subsection the definition of holonomy maps is considered for the certain case of a general gauge 
theory. Then gauge and diffeomorphism transformations on the holonomy groupoid associated to a path 
connection are studied explicity. Finally the new formulation of the configuration and momentum space is 
presented. 

The holonomy maps and the holonomy groupoid for a gauge theory 

Consider a principal bundle P(S, G) and construct the gauge groupoid p ^ p =4 E. Moreover recall 

Q v = {{u,p) : 7r(w) = v} 
Gv = {( U >P) : = v = 7t(»} 
= {(uS(p,u),u)} 

Then a path connection in the Lie groupoid P q P =4 E is a map A u : VY* V — > V^g^Q v for fixed u 6 P, where 
ir(u) = v, which is given by 

A„ : 7 ^ A„( 7 ) := (u, 7t) for 7 e VTi" 

where the map s i— > j(ts) =: 7t(s) is a lifted path in P of a path t M- 7 (t) in E such that 7 (0) = u and 
j(t) — p(t), n(p(t)) = j(t). Rewrite A( 7 )(s) =: A(7, s) and A( 7 , s) := (u,j(ts)). Hence for a fixed path 7 
the mapping s t— > A( 7 , s) maps from an intervall / to Q" . The source and target maps satisfy 

s P ((w, 7(ts))) := (tto pr 1 )((u,7(ts))) 
= tt(u) = V 

t P ({u,j(ts))) := (7ropr 2 )((u,7(is))) 

= 7r(7(*a)) = 7(*s) = (7 &>)(*) 

where 

(u,u) = l v and tp((u,u)) = tp(t v ) = n{u) = v = sp(t v ) (20) 
Summarising the path-connection A depends on the choice of the path 7 and the point a£P. 
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The reversal A(7, s)^~ is given by 

A(7,«r := (7(*),«><«,7(*(1 - *))> = (7(*),7(*(1 - «))> 
The concatenation operation • is defined by 

(Ai • A 2 p )(s) := i? 72 o («,7(t)( S )) • A^( 72 ) = ( U) ( 7l o ^ 2 )(ts))(p,Uts)) 
(w, 7l (2is))(p, 72 (ts)) for se [0,1/2] 



= < 



(n, 72 (t(2s - l)))(p, 72 (is)) for s £ [1/2, 1] ( 21 ) 
(w,7i(0))(p,72(0)> = (u,u){p,p) for s = 
(w,72(i)) = <7i(0),72(i)) for S = l 



In general, the holonomy map for a gauge theory is a groupoid morphism presented by the map 

*D A : VY, V ^G v ,j^ Sj A (j) := A| s=1 ( 7 ) = (u,7 t (l)> (22) 

The holonomy groupoid for a gauge theory is given by 
Hol£(£) := {i5 A (7) :7em 

Moreover, for a loop a e PE^j it is true that 

A(a, s)U=i = («, a*(l)) = («, a(i)) (23) 
where a t (l) := (a o fo)| s= i(t) = a(t). In fact, there is a unique element I) a (a) G G such that 

(«, a(t))(u, u) = (u5(a(t), u),u) for 7r(a(i)) = ir(u) = v (24) 

where 5(a(t), u) =: f)A(a). Consequently, the holonomy maps are related to the holonomy maps t)\ : VY? V — > 
G. 

The lift 7(f) of a path j(t) in P is a diffeomorphism between the fibres P v and P 7 (t), i-e. the map 7(4) : / — > 
Diff(P„,P 7(t) ). 

A change of the base point u £ P transforms as follows 

Kk(l,s) = (uk,%(ts)) 

= (uk, jkits^k) = (uk, j{ts)k) = R k o A„(s) (25) 
= (u,l{ts)) = A u (7,s) 

where 7fc(0) = ufe and 7(0) = u such that 

A ufc (7,l)l„ = (uk,^{t)k)(u,u) = (uAd(fe)(f)A(7)),«> = (uM7),u> =^(7,1)1" ( 26 ) 

This means that the lifts 7 have to be G-compatiblc, w.o.w. 7fc(is)A; _1 = 7fcfc-i(is) = 7(is) for all k e G. 
Summarising the lifts 7 are contained in the set DiffG- C omp.(Pu; Pw) of diffeomorphism between the fibres P„ 
and P 7 (t), which are G-compatible. 

Transformations in holonomy groupoid for a gauge theory 

Let Q :— over £ be the gauge groupoid. Then the holonomy groupoid Ho1a(S) has been derived in the 
last section from a holonomy map $j\ : PS — > Q, which has been defined by 

$A(7) = <u,7t(l)> = <u,7(*)) 
where 7*(1) := (7 ° ^ s )| s= i(t) = j(t) for a lifted path s M> 7 (ts) in P of a path 7 e PS and sps(7) = u, 

7r(u) = U = Sp(j). 

Definition 2.42. Let a(v) := (u, f(u)) defines a bisection a of =4 E for a gauge and diffeomorphism 
transformation ip(ipo, id), where ir(ip(u)) = <po( 7r ( u )) = fo{v) holds. 

Then a left action L a on the holonomy groupoid Ho1a(E) is defined by 

La^h{l) ■= o-((t P o ct)- 1 (sp(^a(7))))^a(7) = (u, ^(w))^a(7) 
whenever -$3 A (7) € Ho1a(S). 
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This holds since (t(-k{u)) = a(v) = (u,ip(u)) and (t P o a)(v) = n(ip(u)) = ipo( v )- Notice that, (ir o 
s P )(L a ?) A (j)) = v and t P (L a Sj A (j)) = 7(1) yields. 

For pure gauge transformations, w.o.w. if Tr(f(u)) = n(u) and <fo(v) = v is satisfied, derive 

L^ A (~f) - (u, ¥>(«)><«> 7t(l)> = («J( V (u),«),7t(l)) (27) 

In particular pure gauge transformations are given by ip(u) := ug for suitable g in G. Then since ip is 
required to satisfy ip(uk) — <p(u)k for all k e G, the element g € G have to be such that [g, k] = for all 
fc e G. Denote the center of the group G by 2(G). Hence for pure gauge transformations there is an action 
L on ^ z4 E defined by 



'PxF ,„ \ Px P 



(Fx 2(G))) , G , 

(P, ui) * ("2, 5) = (p, u i9) f or tt(wi) = n( u 2) = v 
(p, ui) * (u 2 , g) = (p, mi) for 7r(ui) 7^ 7r(u 2 ) 



L («2,s)((P> u i>) : = 



Therefore the left action on Hol^(S) associated to a bisection ct, which is build from a pure gauge transfor- 
mation, is presented by 



Laf)A{l) = (u,v3(u))(M,7 t (l)) = ((u,u) * (u,5))(u,7 t (l)> 
= {u,ug){u,%{\)) = (u6(ug,u),j t (l)) = {ug' 1 , j t (l)) 



(28) 



and it is true that 

L,y^A(-f) = (uk,ukg)(u,^ t (l)) = (uk, ugk)(u, 7t(l)) = (ukS(ugk,u),j t (l)) 

= («5 _1 ,7t(l)> for all fc e G ' 

holds. 

Since 7t(l)g =: 7 9 (1) and 7(0)5 = holds, deduce 

£ ct Sa(7) = («,«<?)<«, 7t(l)> - («,7t(l)5> - («,%(!)> (30) 
Definition 2.43. Define the action L a -\ on Ho1a(£) /or a bisection o~ x o/Hol^E) ow 

L CT -ii3A(7) := o- _1 (sp(^a(7)))^a(7) = (f(u),u)Sj A {j) 
= <¥>(«), 7t(l)> 

/or everg gauge and diffeomorphism transformation ip(tp , id) and n(u) = v. 

Notice that, (ir o sp)(-f)A(7)) = i>) (^ s p)(i C r- 1 -^A(7)) = to holds, where w :— (tt o iys)(w) = <^o( w ) is n °t 
necessarily equal to v and tp (1^-1.^(7)) = 7t(l) is satisfied. 

If 7r(7t(l)) = 7r(u) = v is fulfilled, then 

i<r-i^A(7)lt- = (y(«),7t(l))(«>«) = (^(w)^(7t(l),«),w) (31) 
and ()a(7) = <K7t(l) ; M ) yields. If (^(u) = ufc for k e 2(G) is satisfied, then it follows that 

i ff -ii5A(7)li; = <«fcI)A(7),«> (32) 

holds. 

In general the composition of paths transfers to multiplication of elements on ^jf- : 

£>a(7i)£ ct -i-Sa(72) = («,7t(l))M«),7 t 2 (l)) = (u6(rt(l),<p(u)),tf(l)) (33) 
Moreover if 7 X (1) = 7 2 (0) and 7r(7 2 (0)) = n(u) = v = 7r(7 1 (l)) = 7r(7 1 (0)) is true, then compute 

*3a(7i)*)a(72) = («,7 t 1 (l)X«,7 t 2 (l)> - (^(^(l),"),^ (1)> f34 , 
= ( U h A (7i),7 2 (l)> 
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For a pure gauge transformation (p(u) = ug for g G Z(G) then derive 

(71)^-1^(72) = {u5{f t {l),ug),f t {\)) = (« 5 fj A (7l), 7 t 2 (l)) (35) 
If 7r(7( (1)) = 7r(u) — v is fulfilled, then finally calculate 

^A(7i)L ff -ijo A (72)lt, = (^^(71)^(72), u) (36) 
Notice that, 

L a -if) A {7i)f)A{l2)l v = («f)A(7i)^ 1 f)A(72), u) (37) 

holds. 

Recall that (7t(l)ff,¥>(7t(l))ff) = (7t(l),¥>(7t(l)) an d (<A> ° 7r)( 7t (l)) = (tt o ^(^(l)) holds. 

Definition 2.44. Let a(v) := (u, f(u)) defines a bisection a of ^jf- =4 S for a gauge and diffeomorphism 
transformation ip((po,id). 

Then a right action R a on the holonomy groupoid Hot^X) is defined by 

RMj) :=fl A (7)^(*p(flA(7))) = («,7t(l)><7t(l),v(7t(l))> 
= <«,¥»(7t(l))> 

Then (sp o 7r)(i? (T ioA(7)) = « = tt(w) and tp(R a Sj A (j)) = v?(7t(l)) holds. Observe that 

R*f> A (y)lv = («,¥J(7t(l))><«,«> = («*M7t(l)),«),«> (38) 
is true. If pure gauge transformations are considered, i.e. </?(7 t (l)) = 7t(l)g for g G 2(G) holds, then derive 

R a f) A (j)l v = (u,7 t (l)g)(u,u) = (u5(j t (l)g,u),u) = (uti^g' 1 ,u) (39) 
Moreover for each k G G observe 

R*$a(7)1v = (uk,%(l)gk)(u,u) = ( U Ad(/c)(l) A ( 7 )). 9 - 1 , M ) (40) 
whenever g G Z(G). 

If 7r( 7 i) = 7t(m) = u is satisfied, then calculate 



«a(7i)Ma(7s) = (u,7t(l)><«,¥>(7?(l))> - (^(7t(l),«)^(7t(l))) 
= (uf) A (7i),¥>(7t(l))) 



(41) 



Moreover if 7r( 72 ) = 7r(u) = w and <p(7t (1)) = 7 t 2 (l).9 yields for <? G 2(G), then derive 

$a(7i)Ma(72)1„ = = (uM7iW¥>(7?(l)),«),«) = MaMGaMs -1 ,") (42) 

Definition 2.45. Let a(v) := (u, <p(u)) defines a bisection a of ^jf- S for a gauge and diffeomorphism 
transformation ip(ip , id), where n(ip(u)) = <po( 7r ( u )) = fo{ v ) holds. 

Then an inner action I a on the holonomy groupoid Hol^(S) is implemented by 

Ia&Ai-r))) ■= Ra{L a -^ A {l)) = ( T- 1 ( S p(i0 A (7)))^A(7)T(tp(^A(7))) 

= < ¥> («),u)<u,7t(l))<7t(l),¥'(7t(l))> 

= M M ), 7t (l))(7 t (l),^( 7t (l))> = ( V («),^(7t(l))) 

whenever f) A ("f) G Hol^(S). 

If additionally </?(«) = ug for g G 2(G) holds, then compute 

RAL a -^ A (j))^(u,^ t (l))) (43) 
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Let (it, 7) G VG V a path in the gauge groupoid ^ =4 S, where 7r(u) = u and 7 G PP. Let : / — > G be 
a curve such that p 7 (0) = eg, p 7 (l) = .g for jeG and Rk(py(sj) = Ad(k)(p^(s)) for all fc G G. Then for a 
fixed s£ / concern the following action associated to a purely gauge transformation as a map 

-P x P P x G\ PxP 



* : (— ' whcrc 

(m,7i(s)) * LT2(s),P 7 ( s )J = 



(u, 74 (s)p 7 (s)) for (7r o ip)(7i) = (77 o ip) (72) = v 
(u,7i(s)) for (7rotp)(7!) ^ (7roi P )(7 2 ) 



Recall 



Then the action P of a bisection cr associated to a purely gauge transformation on the gauge groupoid 

Xi 

G 



' ' " ■ £ is reformulated by 



P ff (u, 7t (s)) = (u,<p(7t(s))) = (u,7t(s)> * L7t(s),P7( s )J = ( u > 7t(s)p 7 ( s )> ( 44 ) 
whenever 7t(s) G P for a fixed s G I, (%(s), px f (s)) G and such that 



R a (uk,j t (s)k) = {uk,Lp{^ t {s))k) = (uk,<p^jf t (s)k)) = (uk, 7t(s)fc Ad(fe ^(p^s))) 
= (-",7t(s)p 7 ( s )> 

yields. Futhermore for an element (u,7t(l)) G Hol£(S) it is true that, 

R a (uk, j t (l)k)l v = (uk,j t (l)p^(l)k)(u,u) = (ukS(^ t (l)Py(l)k,u)u) 
= (uAd(k)(t )A ( 1 ))p^l)-\u) 



(45) 



(46) 



holds such that 

R a (uk, j(0)k) = (u, u) Vfc G G (47) 
is true. Choose the map p 7 such that 

p 7 (s) := exp(X 7t(s) ) for X %{s) G fl and Ad(g)p^(s) = p 7 (s) (48) 
for a fixed element s £ I and where 74 (s) G P is satisfied. 

Let W be an open subset of S. Let -X" 7t (i) be an element of the section F( T g P ), then there exists a family 
of local bisections exp(tX^ t ^) such that 

± cxp (rX^ {1) )\^=X Ul) (49) 
holds. Therefore set 

p 7 (l) := cxp(rX 7t(1) ) for X 7t(1) G 0,r G R (50) 
and require Ad(<7 _1 )p;y(l) = p 7 (l), where 7t(l) G P and 77(74(1)) = w G S. 

Consequently there is a right action P CT on Ho1a(L) associated to the bisection cr = (<p, ids), where <p(7t(s)) = 
7t(s)p 7 (s) for all paths 74 (s) in P. Observe that, a connection reform cj/ g : ^ -4- is a map, which 
satisfies 

J°{T{R g ) p X^ {1) ) = Ad( 5 - 1 )( w / G (^ t(1) )) - ^ G (^ t(1) ) 
for X^ (1) GT p P andp = 7 t (l). 
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2.3.2 A set of holonomy maps for a gauge theory 

A smooth connection correspond one-to-one to a holonomy groupoid Hol^(E). Assume that, the holonomy 
groupoid Hol^(S) is a transitive Lie subgroupoid of the gauge groupoid P q P E. Recall the vector bundle 
T €G (G) for a Lie group G. The elements of T ea (G) are the right invariant vector fields. Therefore these 
right invariant vector fields A correspond to generalised fluxes E, which are derivations on G. 

The Lie algebroid associated to the holonomy Lie groupoid Hol^(S) is given by 

f TP 

i4(Hol£(E)) :=lXe — :X-( lA o tt*)(A) G lm(R A ) 

The space A s of smooth connections is an affine space w.r.t. the vector space wj^ r ( ) . The affine structure 
of the smooth connections is mirrored by the existence of a Lie groupoid morphism between the Lie groupoids 
Hol£(E) and Hol£(E) for a fixed gauge groupoid p ^r-- =4 E. This is studied in the next corollary. 

Corollary 2.46. Letj A and~/ A > be two Lie algebroid connections on the transitive Lie algebroids A(Ro\ P (T,)) 
and j4(HoiX/(E)) associated to the holonomy Lie groupoids Hol A (E) and Hol A , (E). 

Then there exists a Lie algebroid morphism a' between A(Hol^(E)) and A(Hol^/(E)). Moreover there is a 
Lie groupoid morphism m' from Hol£(E) to Hol£,(E). 

Proof : Consider the Lie algebroid A(Hol^(E)) and 



A(Hoi£(E)) := {a G ^ : X - { lA , o tt*)(A) G Im(i^)} 



Recall that -fA' := ja + j ° I holds. Derive 

j(R A (X,Y))-j(R A ,(X,Y))= lA [X,Y] - [ lA X, lA Y]- lA ,[X,Y] + [ lA ,X, lA ,Y] 
= lA [X, Y] - [ lA X, 1A Y] - lA [X, Y] + (j o l)[X, Y] + [{ lA + j o l)X, { lA + j o l)Y] 
= -[ 1A X, 1A Y] + (j o l)[X, Y] + [ 1A X, 1A Y] + [(j o l)X, (j o l)Y] 
= (j o l)[X, Y] + [(j o l)X, (j o OF] =: j(Ri(X, Y)) 

Hence obtain 

i4(Hol£(E)) := |a G ^ : X - ( lA ° tt*)(A) - ((j o Z) o tt*)(A) G Im(fl A + 

Consequently for A G A(Ho1a(E)) 

a ; (A) - a z ((7A ° 7r.)(X)) = ( 7 a ° tt*)(A) + ((j o o tt*)(A) =: a' (A) 

defines a Lie algebroid morphism a' from yl(Hol£(E)) to A(Hol£/(E)) over the same base E. This is verified 
by proving that 0/ is a vector bundle morphism such that the anchor preserving condition 

a' = a o o' (51) 
and the bracket condition 

a'([X,Y}) = [a'(X), a '(Y)} (52) 
are satisfied. Remember j o u/ G + ^ A ° tt* = id^e and consequently it is true that, 

JA°^* + (j O I) O 7T* = j O LO + j O a/ 

whenever w, w' G riJ, asic (P, q) g yields. Then derive jouj + joaj'—joije r2j, asic (P, g) G . 
Finally define a morphsim m' : Hol^(E) — > Hol A , (E) by a' =: m'„ such that 
1A> = tn'„ o -f A = a t o lA 

and 

A' = m' o A 

is fulfilled. Then m' is a Lie groupoid morphism. 



22 



Notice that, the failure of an infinitesimal Lie algebroid connection 7^4 to be a Lie algebroid morphism is 
given by the curvature, i.e. 

j(R A (X,Y)) = j A [X,Y] - [ lA X llA Y] 
whenever X,Y £ A(Hol£(E)). 

Definition 2.47. Let L be the set of all maps I : TE — > — such that ~/ A > = j A + j o I and j A , r Y A > are 
right splittings of the Atiyah sequence. Set A' := A/. 

Then the set of holonomy maps for a gauge theory is defined by 

Holf (S) := {(m, o f) A )( 7 ) e Hol^ (E) : 7 e PE, I € L, A e A} 
where G= ^f. 

This set replaces the configuration space A of smooth connections for a gauge theory. The set of holonomy 
maps for a gauge theory corresponds one-to-one to the set, which is given by 

lP ,„s, f„ TP 



A(Hol£(E)) := |A e — : X - ( 7a o - ((j o o e Im(# A + i?,)VZ G L 

Summarising this set is derived from the Lie algebroids associated to holonomy Lie groupoids. 

3 Holonomy groupoid and holonomy-flux groupoid C*-algebras for 
gauge theories 

In this section some ideas for a new construction of algebras in the holonomy groupoid formulation of LQG is 
presented. The aim is to find a suitable algebra such that the curvature is contained in this new algebra. In 
the section [2.2| it has been argued that, curvature and the infinitesimal connection have the same base, since 
their values are contained in the Lie algebroid of the holonomy groupoid. This is the new starting point of the 
construction of algebras in the next section [3~Tj The fundamental idea of Barrett has been to declare the set 
of all holonomy maps to be the configuration space of the theory. Consequently a set of algebras depending 
on holonomy groupoids associated to path connections generalises this choice. The implementation of the 
flux operators is indicated in section [3~2| by a cross-product construction, which is similar to the definition of 
the holonomy-flux cross-product C* -algebra [TS], [TH Chapt.: 7]. Furthermore there are morphisms between 
holonomy Lie groupoids associated to different path connections, which correspond to relations between Lie 
algebroids. These relations are used to define morphisms between algebras. Since the construction depends 
on the choice of the base manifold E a new covariant formulation is suggested. The author proposes in section 



3.3 to use for the covariant holonomy groupoid formulation of LQG the ideas, which have been presented by 



Brunetti, Fredenhagen and Verch [5] in the context of algebraic quantum field theory. 

3.1 The construction of the holonomy groupoid C*-algebra for gauge theories 

The ideas for a construction of algebras in the holonomy groupoid formulation is not straight forward. 
Therefore a couple of different approaches are analysed. Some of these are not available for LQG. 

The first idea is to use the theory of locally compact Hausdorff groupoids, which is influenced by the theory 
of locally compact groups. Indeed Renault [35] has presented C*-algebras constructed from locally compact 
Hausdorff groupoids. The idea is the following. In comparison with the group algebra of a locally compact 
group, a similar groupoid algebra is constructed. The space of continuous functions with compact support on 
a groupoid, which is equipped with a convolution multiplication and an involution, form a * -algebra. There 
is a C*-norm such that the representations of that algebra are continuous. In analogy to Haar measures on 
locally compact groups a system of Haar m easures is derived. Now recall the holonomy groupoid HoL\(E), 



which has been presente d in se ction 2.2.2 and the holonomy groupoid Hol^(E) for a gauge theory, which 
has been given in section 2.3.1 Then in general it is not clear, if the holonomy groupoid Hol^(E) is locally 



compact and Hausdorff. Consequently this approach by Renault cannot directly being used in this context. 
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The second idea is to consider the *-algebra C* (Q) of continuous functions on the Lie groupoid Q, which is for 
example given by the gauge groupoid p * p =4 S. This algebra is the analog of the convolution * -algebra C* (G) 
for a locally compact group G. Then the groupoid C*-algebra C*{Q) is isomorphic to K,{L 2 {P)) ® C*(G). 
This result has been stated by Landsmann [3U]. But the C*-algebra C*(Q) is not the right choice, since 
the particular holonomy groupoid structure is absent and the full knowledge of the manifold P, or the base 
manifold £ and a section s : £ — > P, is needed. From this point of view, this algebra is maybe not the 
favoured algebra. Consequently one might use this idea for gravitational theories instead of a pure gauge 
theory. 

The third idea is based on transitive Lie groupoids. Assume that the holonomy groupoid Hol p (£) associated 
to a principal bundle P(Y,,G,ir) is a transitive Lie groupoid. Then another construction of a C*-algebra is 
available. Notice that, Hol P (E) is a Lie subgroupoid of the gauge groupoid =4 S. Then the holonomy 
groupoid C*-algebra for a gauge theory is defined as follows. Landsman [l9j Definition 3.3.2] has defined a 
family of measures for a Lie groupoid. 

Definition 3.1. A left Haar system on a Lie groupoid Q =4 G° is a family {fM?} v ego of positive 
measures, where \Xv is a measure on the manifold tg 1 ^) such that 



(i) the family is invariant under the left-translation in a Lie groupoid Q 

(ii) each \iv is locally Lebesque (i.e. a Lebesque measure in every co-ordinate chart) 
(in) for each f £ C(Q) the map v 1— > Li, , d ulf (7) f '(7) from Q° to C is smooth. 

g \ } 

Equivalently a right Haar system on a Lie groupoid is defined. Consequently there i s a left Haar measure 
on Hol p (£). Set Q :— Hol p (£). Note that, for a Lie groupoid Q over Q° the property (i) induces 



aX s (7)/(7)= / d/#(L fl ( 7 ))/(£fl(7)) 

for every 9 g Q$ ^ and (99, 9^0) G Diff(Cf). Furthermore it is possible to consider the reduced groupoid 
C*-algebra C*(Q), which is defined in analogy to the reduced group C*-algebra of a Lie group. Clearly the 
algebra depends on the choice of the left Haar system on Q =4 Q° ■ The convolution product of two functions 
f,k€ C{Q) is given by 

(/*fc)( 7 ):= f d/4° ( 7) (7)/(7°7)fc(r 1 ) 



and involution is presented by /*(7) := /(7 : ). There is a norm of C{Q) defined by 
ll/l| 2 := / d^ (7)(7 )|/(7)| 2 

such that the completition with respect to this norm defines the reduced groupoid C* -algebra C*(Q). 

Definition 3.2. The reduced groupoid C* -algebra for the holonomy Lie groupoid Hol p (E) is called the 
holonomy groupoid C* -algebra for a gauge theory associated to a path connection A and is 

denoted by C*(Hol p (S)). 



Recall from section [2T| that for every Lie groupoid Q there exists an associated Lie algebroid AQ. This is a 
vector bundle over Q°, which is equipped with a vector bundle map Q — > TQ°, a Lie bracket [., .}g on the space 
T(Q) of smooth sections of Q, satisfying certain compatibility conditions. Similarly to the exponentiated map 
from a Lie algebra g associated to a Lie group G to G a generalised exponentiated map has been mentioned 
in section [221 



Now remember it has been assumed that, Hol p (S) defines a holonomy Lie groupoid for each path connection 
A in A. There exists an associated Lie algebroid >4Hol P (X) for each path connection A in A. This Lie 
algebroid contains the values of the infinitesimal Lie algebroid connections and the curvature. Moreover a 
Lie algebroid morphism a/ between two Lie algebroids and the groupoid morphism rri; between two holonomy 
Lie groupoids associated to different path connections have been presented in corollary |2.46 Let A and A; 



be two path connections in A. Then there is a morphism, which depends on the Lie algebroid morphism a/, 
between the reduced groupoid C*-algebras. 
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Definition 3.3. Let a; be a Lie algebroid morphism between Hol p (E) and Hol p ; (E). 
There is a morphism a ai : C* (Hol p (E)) — > C*(Hol p (E)) defined by 

(<x a J)(Uh)) ■■= f((m ° h A )( 7 )) = /<(M7)) (53) 
whenever f G C*(Hol£(£)) and f G C*(Hol^(E)). 

The left generalised exponentiated map Exp £ : rA(Hol p (£)) — > FHol p (E), which is defined for all right- 
invariant vector fields in a vector subspace of ^y-, leads to an action on C*(Hol p (E)). 

Definition 3.4. Let ja be a Lie algebroid connection associated to the path connection A. 

There is an action ol^ a : C*(Ho1a(E)) -> C*(Hol£(E)) defined by 

{oi yA f)(U(l)) ■= /(^(((TxWJWjftAll))) = /( Ex Pi(*(7A(A:))(v))h A (7)) 



w/iere i £ I, X e T„£ and X := ^ 
/eC*(Hol p (£)). 



7(f), v = t(j) such that Exp L (t(^ A {X)){y)) G Hol^E) 11 and 



Similarly an action of a bisection a a of p ^, p =4 E is given. It is true that, Exp(7 J 4(X)(u)) = A.(tp, v)(l) 
holds and ift(^>t, icIg) defines a gauge and diffeomorphism transformation on F q =t E. 

Definition 3.5. Let a a be a bisection of the gauge groupoid P q =4 E. 

There is an action a aA : C*(Hol£(£)) -> C*(Hol£(£)) defined by 

KJ)ftA(T)) := f(L midG) U(l)) ■= /((idA ofoOfo, ° 7)) = /(Oa^Mt)) 

where 4>{v) = s(y) =: iu } £(7) = fe, 7 G PEV, 93 g 'PE™, id A : Hol A (£) — 5- Hol p (£) is £/ie identity morphism 
and f e C*(Hol p (£)). 

This action is generalised to an action of a bisection ga 1 of p ^, p =J E: 

(<V a ,/)(&a(7)) :== /(V(0,id G ) f )A(7)) := /((mz f)A)^°7)) = /ftA'(^T)) 
whenever A' = o A, ai := a', / G C*(Hol A (£)) and ja' — o 7^4. 

3.2 Cross-product C*-algebras for gauge theories 

In the last section the holonomy groupoid C* -algebra for a gauge theory associated to a path connection has 
been presented. This algebra is the algebra of quantum configuration variables. The full algebra is derived 
in an analogue procedure presented in [15j[T2]. Indeed Masuda [25] has invented cross-product C* -algebras 
in the context of groupoids. The aim is to use these cross-product construction in the holonomy groupoid 
formulation. 

Definition 3.6. The triplet (21, Q,p) is called a C* -groupoid dynamical system iff 21 is a C* -algebra, 
Q is a locally compact groupoid with a faithful transverse function a = {p v } v eg° and p : Q — > 2lut(2t) is a 
continuous morphism. 

First it has been used in |15| 1 1 2] that, the quantum flux operators are implemented as elements of a Lie 
group G. Concern the holonomy Lie groupoid is Q := Hol p (£). Then the following C*-groupoid dynamical 
system {Cq(G),Q , pl), where p^ : Q — > G is a continuous groupoid morphism, is studied. The associated 
cross-product Cq{G) x\lG is defined as the completition of the set C(Q, 21) of all 2l-valued continuous functions 
over Q with compact support with respect to a appropriate C*-norm. Clearly there are left actions pl and 
right actions pn of Q on the algebra Co(G) associated to left or right Haar systems on the holonomy Lie 
groupoid Q. 

Consequently the following algebra contains holonomics and flux operators for a gauge theory. 

Definition 3.7. The holonomy-flux groupoid C* -algebra for a gauge theory associated to a path 
connection A is defined by the cross- products C {G) x L Hol p (£) or C (G) x R Hol p (E). 

Summarising these algebras are the algebras of quantum configuration and quantum momentum variables 
for a gauge theory. But recognize that there is a big bunch of these algebras, since each algebra is associated 
to a path connection. Moreover each algebra really depends on the chosen gauge theory and hence on the 
principal fibre bundle P(£,G, 7r). This leads directly to sets of algebras. 
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3.3 Covariant holonomy groupoid formulation of LQG 



In this section two categories, which arise naturally in the holonomy groupoid formulation of LQ G are 



presented. First recall the set Hol£(S) of holonomy Lie groupoids, which has been analysed in section 2.3.2 
Then one category is given by the following objects and morphisms. The set of objects is formed by al 
holonomy groupoids Ho1a(S) associated to each manifold £ in a set £ of 3-dimensional spatial manifolds 
and to each path connection A in a set A of path connections w.r.t. a principal fibre-bundle P(£, Gs, tt). 
Notice that the structure group vary for principal fibre bundles associated to different base manifolds. 
The set of morphisms of the category are Lie groupoid morphism between two holonomy Lie groupoids. 
Denote this category by fjol and call it the holonomy category. 

The second category is given by the objects, which are given by all unital G*-algebras Go(Gs) Xjf HoL\(£) 
for every principal fibre bundle P(S, Gs, 7r) containing a manifold £ in £ and a Lie group Ge associated to 
£, and defined by the left and right actions (X — R, L). The set of morphisms are faithful unit-preserving *- 
morphisms between these algebras. The category is denoted by 2Ug and called the holonomy-flux category. 

Summarising a covariant holonomy groupoid formulation of LQG is an assignment of G*-algebras to holon- 
omy groupoids in such a way that the algebras are identifyable if the holonomy Lie groupoids are connected 
by a Lie groupoid morphism. 

In this article an overview about a new formulation of LQG has been given. This is a starting point for a 
detailed study, which will be done in a future work. 
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